Abstract. We study the problem of generalization of Oresme numbers with a new sequence of numbers called Oresme polynomials. Moreover, by using the matrix methods for Oresme polynomials, we obtain the identities including the general bilinear index-reduction formula of these numbers. Further, Oresme polynomials that are natural extensions of the k-Oresme numbers are introduced and some relations for the derivatives of these polynomials in the form of convolution are proved.
Introduction
In [4] , A.F. Horadam presented a history of number attributed to Nicole Oresme, namely the sequence
The Oresme numbers have many interesting properties and applications in many fields of science (see, e.g., [1, 2, 3, 4] ). The Oresme numbers O n are defined by the recurrence relation
In [3] the basic list of identities provided by A.F. Horadam [4] is expanded and extended to several identities for some of the k-Oresme numbers. In this sense, the k-Oresme numbers, {A (k) n } n≥0 , are defined by (2) A
n , n ≥ 0.
1
The following properties given for k-Oresme numbers play important roles in this paper (see [3, 4] ). For example, (3) A
Using standard techniques for solving recurrence relations, the auxiliary equation, and its roots are given by
Thus the Binet formula can be written as
n is the n-th Oresme number. In this paper, the sequence of k-Oresme numbers {A (k) n } is extended to the sequence of rational functions, that we will call Oresme polynomials {O n (x)} by replacing k with a real variable x. It is also observed that numerous properties of Oresme polynomials admit straightforward proofs.
Oresme Polynomials
Definition 2.1. Let x be a nonzero real variable. The sequence of Oresme polynomials is recursively defined as follows:
Some initial Oresme polynomials are
It is easy to see in Eq. (9) that, O n (3) =
3 n for each n, where F n is the n-th Fibonacci number.
Solving the auxiliary Eq. (9), we get the roots λ 1 (x) = (x+ √ x 2 − 4)/2x and its conjugate λ 2 (x) = (x − √ x 2 − 4)/2x, where x 2 − 4 > 0. Note that λ 1 (3) = (3 + √ 5)/6 and λ 2 (3) = (3 − √ 5)/6 are the constant for the numbers F 2n 3 n . In order to deduce the Binet formula for Oresme polynomials, we use the method of induction to get
Returning to the sequence O n (3), we note that x = 3 yielded a Fibonacci number pattern. Thus it is seen from (10) that
The following result demonstrates the limit of the quotient of two consecutive terms of Oresme polynomials:
Proof. By using the Binet formula (10), we find
and the desired result is obtained.
It can be observed that, for x = 2 or x = −2,
However, this limit does not exist for x lying between −2 and 2.
The matrix corresponding to Oresme polynomials is represented as a second-order matrix M or whose entries are the first three modified Oresme polynomials, i.e.,
By induction, we can easily verify that the matrix M or (x) raised to the n-th power is given by the formula
, while the expression on the right-hand side reduces to
Equating the corresponding entries for both matrices, we have 
Proof. By the Binet formula (10), for all integers n, r and s, the following identity is easily verified:
. Moreover, setting n = c − t, r = a − c and s = b − c in the same identity, we obtain
Comparing these two identities and using d = a + b − c, we complete the proof of the formula.
Setting a = n + 1, b = m, c = n, d = m + 1 and t = n − 1 in the general bilinear index-reduction formula, we arrive at the following result Corollary 2.4. For the integers n and m such that m ≥ n, we obtain
At the end of this section, we deduce a product formula for Oresme polynomials.
Proposition 2.5. If O n (x) is the n-th Oresme polynomial, then
Proof. Clearly, the degree of the Oresme polynomial x n O n (x) is n − 1 for n ≥ 1. To deduce a formula for the zeros of x n O n (x), we express O n (x) in terms of hyperbolic functions by using the Binet formula. Setting x/2 = cosh z, we find
Let z = u + iv, where the imaginary number i = √ −1. Since sinh z = 0, O n (x) is equal to zero only if sinh nz = 0, i.e., e 2nz = 1. We equate the real part to zero, i.e., u = 0. Therefore, sinh inv = i sin nv = 0. Hence, v = kπ/n for any integer k and, therefore, z = kiπ/n. Consequently, for any integer k, we get x 2 = cosh kiπ n = cos kπ n .
As a result, the proposition follows for 1 ≤ k ≤ n − 1.
Remark 2.6. It is also observed that, for O n (x), the product formula mentioned in Proposition 2.5 gives an alternating expression for O n (x). Thus, e.g.,
Derivative Sequences of Oresme Polynomials
In this section, we study the sequences obtained by differentiating the Oresme polynomials. Several properties of these sequences and some relations between the Oresme polynomials and their derivatives are also presented.
Identity (10) can be rewritten as follows:
As a result of differentiation of (17) with respect to x, we obtain
with O ′ 0 (x) = 0 and O ′ 1 (x) = −1/x 2 . Further, several first derivatives of the Oresme polynomials with respect to x have the form
Different types of numerical sequences can be generated by substituting integers instead of the variable x of balancing polynomials, such as
The following results give some interesting relationships between the Oresme polynomials and their first derivatives:
Proof. Recall that λ 1 (x) = (x+ √ x 2 − 4)/2x and λ 2 (x) = (x− √ x 2 − 4)/2x with λ 1 (x)λ 2 (x) = 1/x 2 . Their first derivatives are, respectively,
where ∆ = √ x 2 − 4 and ∆ ′ = x/∆. Therefore, by using the Binet formula (16), we find
which completes the proof.
In particular, for x = 3, identity (19) reduces to
Proof. The proof is obtained by induction on n. Clearly, the result holds for n = 2, since
As the inductive hypothesis, we assume that the formula is true for every m ≤ n. To perform the inductive step, we differentiate the recurrence relation for Oresme polynomials with respect to x,
and apply the inductive hypothesis to get
This completes the proof.
Remark 3.3. It is observed that identities (19) and (20) together yield the following formula:
for n ≥ 2 and x = 0, ±2.
Proposition 3.4. For n ≥ 2, we have
Proof. We proof this by induction. It is clear that the claim is true for n = 2. Let us suppose that the claim is true for n. If n = 2m is an even integer, by induction hypothesis we get
Now, we will show the equation is true for n + 1 namely 2m + 1. By using (9) we get
The similar proof can be given for the case when n is an odd integer. Thus, the result follows for all n ≥ 2.
Proof. The proof is obtained by induction on n. Clearly, the result holds for n = 1. As the inductive hypothesis, we assume that the formula is true for every m ≤ n. To perform the inductive step, we differentiate the recurrence relation for Oresme polynomials with respect to This completes the proof.
Conclusions
The generalized k-Oresme sequences have been considered and studied many of their properties. Further, the Oresme polynomials that are the natural extension of k-Oresme numbers are defined and established many of their properties. As matrices can also be used to represent Oresme polynomials, a Oresme polynomial matrix M or of order 2 has formed.
